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Figure 13
Schematic representation of the parameterization of photoautotroph physiology employed in marine ecosystem models: (a) Monod-
type, (b) Droop/Caperon-type with individual quota for each element, carbon (Qc), nitrogen (QN), and phosphorus (QP), (c) schematic
concept for a model of algal physiology that resolves key biochemical components of an algal cell, including carbohydrates (CH), lipids
(LIP), amino acids (AA), nucleic acids (NUC), and proteins (PR). Abbreviations: DIC, dissolved inorganic carbon; DIN, dissolved
inorganic nitrogen; DIP, dissolved inorganic phosphorus. Figure inspired by Reynolds (2006), Pahlow & Oschlies (2009), Klausmeier
et al. (2004), Shuter (1979), and others.

are directly linked, the limiting nutrient is determined following the law of the minimum, and the
elemental ratios of the cells are fixed. Computational economy has been a significant motivation
for the use of this simplest of parameterizations, though the idealizations and limitations of this
approach have been criticized (e.g., Flynn 2003, Droop 2003) and computational constraints are
rapidly becoming less significant.

A more physiologically defensible, yet still highly idealized, alternative is the Droop/Caperon
“internal-stores” approach (Droop 1968, Caperone 1968), in which substrate uptake and synthesis
are decoupled (Figure 13b). An internal store of each nutrient element is filled and synthesis/
growth is linked to the internal concentration of the most limiting element, again found using
a law-of-the-minimum approach. Less common in large-scale biogeochemical models (though
see, e.g., Moore et al. 2002a), the internal stores approach is more physiologically defensible
than Monod kinetics and enables variation in the elemental ratios of organic matter in response to
environmental changes (Thingstad & Pengerud 1985, Martinussen & Thingstad 1987). However,
although cell quotas and elemental ratios are flexible, they are somewhat arbitrary as the allocation
of elements within the cell is unresolved.

Several studies point the way toward more biologically meaningful, but still computationally
efficient, descriptions of cellular processes (Figure 13c). Shuter (1979) developed a model of algal
growth that crudely resolved major biochemical components of the cell and a mechanistic param-
eterization of growth. Geider et al. (1998) allocated cellular resources toward light harvesting,
basic metabolic needs, and storage, providing a dynamic model of photoacclimation. Bruggeman
& Kooijman (2007) and Bruggeman (2009), in a similar vein, allocated cellular resources toward
light harvesting and resource acquisition (both organic and inorganic), whereas Klausmeier et al.
(2004) considered the impact on elemental ratios of the N:P stoichiometry of synthesis and re-
source acquisition machinery. Pahlow & Oschlies (2009) resolve key cellular components in an
idealized yet mechanistic parameterization of algal population growth. Interestingly, in the late
1970s, models of Escherichia coli were developed that had strong analogies with Shuter’s (1979)
algal growth model (Shuler et al. 1979). Those models laid the foundation for the increasing
biological resolution of E. coli simulations that has continued to this day. This common ground
points the way to a unified underlying platform for representing phototrophic, heterotrophic, and
mixotrophic microbes and the associated trade-offs.
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Metabolic Network 
Definition

Stoichiometric capacitance   ECCB'12 Basel, September 10, 2012 
of metabolic networks 

Genome-scale metabolic networks 
• Structure and function 

o Chemical reactions of a cell/organism 
o Conversion of nutrients into cellular biomass and energy 
o Represented as bipartite graph, hypergraph, or stoichiometric matrix 
 
 

 

1. Motivation 
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• Structure and function
o Chemical reactions of a cell/organism
o Conversion of nutrients into cellular biomass and energy
o Represented as bipartite graph, hypergraph, or stoichiometric matrix



Metabolic Network Definition
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Linear program (FBA)

Flux Balance Analysis
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Alternate optima. Alternate flux distributions that lead
to equivalent optimal network states are a property of
genome-scale networks. The number of such alternate
optima varies depending on the size of the metabolic
network, the chosen objective function and the environ-
mental conditions55,56. In general, the larger and more
interconnected the network, the higher the number of

beginning to be realized. A GENRE can reproduce the
same function in many different ways. The mathemati-
cal notion of equivalent optimal states is coincident with
the biological notion of silent phenotypes52–54. This
property distinguishes in silico modelling in biology
from that in the physico-chemical sciences where a single
and unique solution is sought.
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Figure 1 | A growing toolbox for constraint-based analysis. The two steps that are used to form a solution space —
reconstruction and the imposition of governing constraints — are illustrated in the centre of the figure1,20,37,111 . As indicated, several
methods are being developed at various laboratories to analyse the solution space. The primary references for the methods
indicated are: 1, REF. 40; 2, REFS 41, 61; 3, REFS 50, 99; 4, REFS 70, 71; 5, REFS 45, 49; 6, REFS 45, 62, 112; 7, REF. 55; 8, REF. 97; 9, REF. 23;
10, REF. 59; 11, REF. 58; 12, REF. 83; 13, REF. 35; 14, REF. 64; 15, REF. 85; 16, REF. 29. Ci, concentration of compound i; Cj, concentration
of compound j; EP, extreme pathway;vi, flux through reaction i; vj, flux through reaction j; v1, flux through reaction 1; v2, flux through
reaction 2; v3, flux through reaction 3; vnet, net flux through loop.

Price, et. al, Nature Review, 2004



FBA extensions

• Great interest to study dependencies between fluxes through pair 
of reactions:  

• But remains complicated to investigate genome-wide models 

• One optimal solution is not realistic

R54.2 Genome Biology 2003,     Volume 4, Issue 9, Article R54       Reed et al. http://genomebiology.com/2003/4/9/R54

Genome Biology 2003, 4:R54

compute cellular functions [2]. This modeling method finds
the limits of cellular, biochemical and systemic functions,
thereby identifying all allowable solutions. Searches within
the allowable solution space can identify solutions of interest,
for example a solution that maximizes a particular objective.
This approach to genome-scale model building has been
reviewed in detail [3-6]. In general, the application of succes-
sive constraints (stoichiometric, thermodynamic and enzyme
capacity constraints), with respect to the metabolic network,
restricts the number of possible solutions. Linear optimiza-
tion is often used to find a particular solution in the allowable
solution space that maximizes a chosen objective function,
such as cellular growth (Figure 1). A more detailed descrip-
tion of the constraint-based modeling approach can be found
in Materials and methods.

The constraint-based modeling approach has been used to
study E. coli metabolism for over ten years; the history of such
model building efforts has recently been reviewed [7]. The
first genome-scale metabolic (GSM) model accounting for
660 gene products (iJE660 GSM) was reconstructed using
genomic information, biochemical data and physiological
data [8]. This genome-scale model has been used to perform
in silico gene deletion studies [8] and to predict both optimal
growth behavior [9] and the outcome of adaptive evolution
[10].

This paper reports an expansion of iJE660a GSM, which itself
is a slight modification of the original genome-scale meta-
bolic model (iJE660 GSM) [8]. Gene to protein to reaction
(GPR) associations are included directly in the new model
(iJR904 GSM/GPR). These associations describe the

dependence of reactions on proteins and proteins on genes
(Figure 2). The metabolic network described by iJR904 has
also changed; individual reactions are now elementally and
charge balanced, and a significant number of new genes and
novel reactions have been added to the model. iJR904 GSM/
GPR accounts for over 904 genes and the 931 unique bio-
chemical reactions the encoded proteins carry out. This paper
discusses the effects that these additional reactions have on
the predictive capabilities of the model and identifies putative
ORFs in the genome which could resolve gaps in the meta-
bolic network.

Since computational models of E. coli will continue to grow in
size and scope [7] it will become important to be able to dis-
tinguish between the different models - a naming convention
will aid in this effort. The naming convention we chose to use
mirrors the one already established for plasmids. The general
form of the names of in silico strains used is iXXxxxa YYY.
The 'i' in the name refers to an in silico model (that is, a com-
puter model). This 'i' is followed by the initials (XX) of the
person who developed the model and then the number of
genes (xxx) included in the model. Any letters (a) after the
number of genes indicates that slight modifications were
made to the model, for instance iJE660a is derived from
iJE660. Further designation of the content and scope of a
model are found in YYY; here the acronyms GSM and GPR
stand for genome-scale model and gene-protein-reaction
associations, respectively. The contents of iJE660a and
iJR904 can be found on our website [11], and iJR904 is also
detailed in the additional data files provided with this publi-
cation online.

Principles of constraint-based modelingFigure 1
Principles of constraint-based modeling. A three-dimensional flux space for a given metabolic network is depicted here. Without any constraints the fluxes 
can take on any real value. After application of stoichiometric, thermodynamic and enzyme capacity constraints, the possible solutions are confined to a 
region in the total flux space, termed the allowable solution space. Any point outside of this space violates one or more of the applied constraints. Linear 
optimization can then be applied to identify a solution in the allowable solution space that maximizes or minimizes a defined objective, for example ATP or 
biomass production [3-6].

Constraints
1) S.v = 0
2) α ≤ vi ≤ β

Optimization

Unconstrained
solution space

Optimal solution

maximize objective

Allowable
solution space

opt := max{v
Biomass

: Sv = 0, l ∑ v ∑ u}



Decomposing the solution 
space is hard
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a b s t r a c t

In the context of the study into elementary modes of metabolic networks, we prove two complexity
results. Enumerating elementary modes containing a specific reaction is hard in an enumeration com-
plexity sense. The decision problem if there exists an elementary mode containing two specific reactions
is NP-complete. The complexity of enumerating all elementary modes remains open.

© 2009 Elsevier Ireland Ltd. All rights reserved.

1. Introduction

We study some problems related to extreme rays of the cone
{x ∈Rn| Ax = 0, x ≥ 0}, for some m × n matrix A. An extreme ray of
a cone is a vector of the cone that cannot be expressed as a con-
vex combination of any two other vectors of the cone. The cone
is pointed in the origin 0 of Rn. Therefore, its extreme rays cor-
respond one-to-one to the vertices of the bounded polyhedron
{x ∈Rn| Ax = 0, 1T x = 1, x ≥ 0}, with 1 denoting the all-1 vector in
Rn. As a result, enumerating the extreme rays of the cone is not
harder than enumerating the vertices of a bounded polyhedron
(polytope). Since the number of objects to be enumerated can be
exponential in the size of the input, the complexity in terms of run-
ning time is measured as a function of the size of the input and of
the output (we give precise definitions of enumeration complexity
later).

The complexity of enumerating vertices of polytopes is a famous
and long-standing open question (see e.g. Dyer and Proll, 1977). We
do not solve this question but present an intriguing related result:
given a coordinate i, enumerating all extreme rays r of the cone
that have ri > 0 cannot be done in polynomial total time (that is,
polynomial in the size of the input and of the output) unless P = NP.

∗ Corresponding author at: Université de Lyon, F-69000 Lyon; Université Lyon 1,
CNRS, UMR5558, Laboratoire de Biométrie et Biologie Evolutive, F-69622, Villeur-
banne, France. Tel.: +33 4 72 43 12 84; fax: +33 4 72 43 13 88.

E-mail address: viacuna@biomserv.univ-lyon1.fr (V. Acuña).

Our second complexity result, using essentially the same reduc-
tion, is: it is NP-complete to decide if there exists an extreme ray r
of the cone that has both ri > 0 and rj > 0 for two given coordinates
i and j.

Both results are based on a reduction to the decision problem on
the existence of negative simple cycles in directed graphs and are
inspired by the work of Khachiyan et al. (2008), who proved that
enumerating vertices of any (possibly unbounded) polyhedron can-
not be achieved in polynomial total time unless P = NP. Of course,
Khachiyan et al.’s result does not apply to polytopes, which could
still be easier than the general case.

Both questions appeared in computational biology studies of
metabolic networks (Acuña et al., 2009; Larhlimi and Bockmayr,
2009; Schuster and Hilgetag, 1994; Terzer and Stelling, 2008;
Terzer, 2009; Urbanczik and Wagner, 2005). In this context A is the
so-called stoichiometric matrix. Each row of this matrix represents
a chemical compound and each column an irreversible chemical
reaction: aik is a positive integer if compound i is a product (i.e.
output) of reaction k and a negative integer if it is a substrate (i.e.
input) of the reaction. It is 0 if it is not involved in the reaction. The
equation Ax = 0 indicates that the metabolic network is in steady
state, in the sense that all (internal) compounds that are produced
are also consumed.

The extreme rays of the cone are in this context called elementary
modes, and, biologically speaking, they are minimal sequences of
reactions that would “survive” if the rest of the network were cut.
An example is given in Fig. 1 for the Citric Acid Cycle.

In this biological context, our results show that: (a) it is not pos-
sible to generate, in polynomial total time, all elementary modes

0303-2647/$ – see front matter © 2009 Elsevier Ireland Ltd. All rights reserved.
doi:10.1016/j.biosystems.2009.11.004



FVA insights

• Deeper analysis that study all the flux realizing the 
optimal objective  

• Not a single optimal flux vector, but set of optimal 
solutions : optimal flux space

P

opt

:= max{v : Sv = 0, l ∑ v ∑ u, v

Biomass

= opt}



Flux Variability
• For a given objective (e.g. biomass production), 

upper and lower bounds of all steady state reaction 
fluxes can be determined



Deeper analysis of Optimal 
Flux Space

• This space is similar to the feasible flux space: 

Vertices: optimal pathways 

Linealities: reversible cycles 

Rays: irreversible cycles 

Application of «standard » polyhedra description, but 
focused on Optimal Flux Space 

P

opt

:= max{v : Sv = 0, l ∑ v ∑ u, v

Biomass

= opt}



Deeper analysis of Optimal 
Flux Space

Within this space, correlated reactions are grouped 
into flux modules 

Flux modules decompose the network and provide 
an comprehensive understanding of the whole flux 
space



• One assumes the flux in r1 as fixed to 1 

• Then fluxes on r13, r14 and r15 are fixed 

• {r2, r4, r3} {r5, r6, r7, r8, r9} and {r10, r11, r12} are modules 

Müller AC, Bockmayr A (2013). Flux modules in metabolic networks. J Math Biol.

A. C. Müller, A. Bockmayr

Fig. 1 All stoichiometric coefficients in this example are 1. Assume flux through reaction r1 is fixed to 1.
Then flux through reactions (r1, r13, r14, r15) is fixed and we get the three modules (r2, r3, r4),
(r5, r6, r7, r8, r9), and (r10, r11, r12)

see, this implies that reactions r13, r14, r15 also have a fixed flux. We now want to find
out how the remaining (unfixed) reactions group into modules.

Informally speaking, we consider a set of reactions to be a module if they behave
together like one reaction with a fixed flux. This means that the rate (or interface
flux) of metabolites that are produced and consumed by the reactions in the module
must be constant for all optimal flux vectors. For example the reactions r10, r11, r12
form a module, since those reactions together always take up 1 of metabolite m8
and always produce 1 of m10. The interface flux of this module is (0, 0, 0, 0, 0, 0, 0,

−1, 0, 1).
The algorithm for finding modules follows the following idea: Suppose we fix flux

through reaction r11 to its maximal value (in this case vr11 = 1). It follows that there
is no flux possible anymore through reactions r10, r12. The other reactions, however,
are not affected by this choice at all. This is a hint that reactions r10, r11, r12 belong
to the same module, while the other reactions are independent.

However, this approach requires that for each reaction we must be able to fix
the flux to its maximal value. This is not possible if we just do standard flux vari-
ability analysis (FVA). Let us consider reaction r9. Since this reaction is part of
an internal cycle (r9, r6, r5, r8), we can send unbounded flux through r9. Hence,
we cannot set flux through this reaction to its maximal flux rate and observe the
effects. To cope with this problem, we use thermodynamically constrained flux vari-
ability analysis (tFVA) (Schellenberger et al. 2011; Müller and Bockmayr 2013).
Since thermodynamic constraints prohibit fluxes along internal cycles, these reac-
tions obtain a finite maximal flux rate. We can now use this flux rate to perform our
analysis.

3 Mathematical theory

In this section, we develop the mathematical theory underlying our approach. The
corresponding analysis methods will be described in Sect. 4.

123
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Abstract The huge number of elementary flux modes in genome-scale metabolic
networks makes analysis based on elementary flux modes intrinsically difficult. How-
ever, it has been shown that the elementary flux modes with optimal yield often contain
highly redundant information. The set of optimal-yield elementary flux modes can be
compressed using modules. Up to now, this compression was only possible by first
enumerating the whole set of all optimal-yield elementary flux modes. We present a
direct method for computing modules of the thermodynamically constrained optimal
flux space of a metabolic network. This method can be used to decompose the set of
optimal-yield elementary flux modes in a modular way and to speed up their computa-
tion. In addition, it provides a new form of coupling information that is not obtained by
classical flux coupling analysis. We illustrate our approach on a set of model organisms.
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Application on E. coli
Using iAF1290 model, one calculates modules when 
the bacteria grows on glucose and aerobic condition

Modules Number of 
Rxns

Description

Not in module 2290 -
Module MO1 38 Nucleotide Salvage Pathways
Module MO2 3 Membrane Lipid Metabolism
Module MO3 12 Membrane Transport
Module MO4 3 Alanine, Aspartate , Valine, Leucine and 

Isoleucine pathwaysModule MO5 14 Respiration / Electron transfer reactions
Module MO6 5  Glycolisis/ gluconeogenesis
Module MO7 3 Cofactor and Prosthetic Group Biosynthesis
Module MO8 11 Exchange reactions
Module MO9 2 Glucose Intake



Illustration on Module MO4

Reactions (boxes) and metabolites (ellipses) respectively cyan and 
red for amino acids and carbohydrates

3mob[c]

VPAMT

akg[c]

ALATA_L

VALTA

pyr[c]ala_L[c]

glu_L[c]

val_L[c]



Application on E. coli (2)
Aerobic Module Number of 

Rxns
Anaerobic 

Module
Number of 

Rxns Description

Not in module 2290 Not in module 2312 -

Module MO1 38 Module MA1 35 Nucleotide Salvage Pathways

Module MO2 3 Module MA2 3 Membrane Lipid Metabolism

Module MO3 12 Module MA3 12 Membrane Transport

Module MO4 3 Module MA4 3 Alanine, Aspartate , Valine, Leucine and Isoleucine 
pathways

Module MO5 14 Module MA5 3 Respiration / Electron transfer reactions

Module MO6 5 Module MA6 5 Glycolisis/ gluconeogenesis

Module MO7 3 Module MA7 3 Cofactor and Prosthetic Group Biosynthesis

Module MO8 11 - - Exchange reactions

Module MO9 2 Module MA9 2 Glucose Intake

- - Module MA10 3 Alternate Carbon metabolism 



MO5 & MA5

2dmmq8[c]

GLYCTO4

NADH18pp

2dmmql8[c]

FRD3

asp_L[c]

ASPO3

ASPO4

ASPO5

dhor_S[c]

DHORD2

DHORD5

fum[c]

FRD2

glx[c]

glyclt[c]

GLYCTO2 GLYCTO3

h[c]

NADH16pp

NADH17pp

h[p]

iasp[c]

mql8[c]

mqn8[c]

nad[c]

nadh[c]

orot[c]

q8[c]

SUCDi

q8h2[c]

succ[c]



IList of the ntakes

List of the Outtakes

Nucleotide Salvage pathway: 38

Membrane Lipid Metabolism: 3

Membrane Transport: 12

Alanine, Aspartate, 
Valine, Leucine &
Isoleucine pathways: 3

Respiration / electron
transfert reactions: 14

Glycolisis / Gluconeogenesis: 5

Cofactor & Prosthetic group: 3 

Exchange reactions: 11

Glucose Intake: 2
Alternate Carbon Metabolism: 3

Nucleotide Salvage pathway: 35

Membrane Lipid Metabolism: 3

Alanine, Aspartate, 
Valine, Leucine &
Isoleucine pathways: 3

Membrane Transport: 12

Respiration / electron
transfert reactions: 3

Glycolisis / Gluconeogenesis:5

Cofactor & Prosthetic group: 3 

Glucose Intake: 2

2381 reactions
E. coli iAF1260

Flux Modules in 
Aerobic conditions

Flux Modules in 
Anaerobic conditions

O2
MO 1 MA 1
MO 2

MO 3

MO 4

MO 5

MO 6

MO 7

MO 8

MO 9

MA 2

MA 3

MA 4

MA 5

MA 6

MA 7

MA 8

MA 9

Intakes

Outakes



… and so what ?
topics of Marko’s PhD



Modeling a microbial 
community
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Each Network is driven 
by its own objective



Soup or minestrone ?



Soup or minestrone ?

FAPSYN

SRB

Glycolate

Acetate
NH3

O2

H2

CO2

CO2

SO4

H2S

FIGURE 5.1 – Hot Spring Mat System. Arrows indicate chemical compounds shared by
the three gilds and their environment.

of nutrients. We will start by revisiting the principal concepts used for the modeling a
single organism ; then, we will extends this notions over communities of organism and
the extending the techniques aforementioned.

One of the first questions to answer was the relevance of considering multiple com-
partments. We used modules framework (see 4.1.1) to analyze the structure of solution
space under a Single Compartment Hypothesis (SCH), understood as taking all non-
repeated reactions to construct a representative organism of the system, and a Multiple
Compartment Hypothesis (MCH), where each microorganism has its own associated
metabolites. We noted that solution space form both models differs, wich could poten-
tially lead to different interpretations of results. For details, see [BBE15].

5.2.1 One Compartiment
Our goal is to describe the interactions of living organism with their environment

at organism scale. In general, we will consider the system to model as the organism
itself (with the cell membrane as limit) and their immediate surroundings. Therefore,
we would like to make a distinction of the cytosolic (inner cell space) and the exchange
interface (immediate surroundings) spaces by greek letters & and ⇠, respectively.

As defined, flow of energy and matter can be abstracted into five steps : 1) Exchange

25



Flux Balance ?
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Metabolic Modules



Take home message
• Similar quantitative solutions for both assumptions 

• BUT different modules :: different optimal solution 
space 

• « Soup » is good for prediction, but « Minestrone » is 
necessary to understand 

• No soup in real life 

• Need for a new « multi-objective » paradigm for 
modeling microbial community 



Take Home Messages 2
• Network decomposition based on the Flux Balance 

paradigm :: very sensitive to the objective  

• Reducing the metabolic network by considering 
modules ? 

• Towards a general Methodology:: transient 
behavior of metabolic network by connecting 
modules (probabilistic modeling)


